In this paper, a nonconforming finite element method has been proposed and analyzed for the von Kármán equations that describe bending of thin elastic plates. Optimal order error estimates in broken energy and H 1 norms are derived under minimal regularity assumptions. Numerical results that justify the theoretical results are presented.
Introduction
Let Ω ⊂ R 2 be a polygonal domain with boundary ∂Ω. Consider the von Kármán equations for the deflection of very thin elastic plates that are modeled by a non-linear system of fourth-order partial differential equations with two unknown functions defined by: for given f ∈ L 2 (Ω), seek the vertical displacement u and the Airy stress function v such that
in Ω (1.1)
with clamped boundary conditions Depending on the thickness to length ratio, several plate models have been studied in literature; the most important ones being linear models like Kirchhoff and Reissner-Mindlin plates for thin and moderately thick plates respectively; and non-linear von Kármán plate model for very thin plates. Many practical applications deal with the Kirchhoff model for thin plates in which the transverse shear deformation is negligible. On the other hand, the Reissner-Mindlin plate model for moderately thick plates takes into consideration the shear deformation. The displacements of very thin plates are so large that a non-linear model is essential to consider the membrane action. The assumptions made 1 INTRODUCTION 2 in the von Kármán model are similar to those of Kirchhoff model except for the linearization of the strain tensor, which in fact, leads to the non-linearity in the model.
For the theoretical study as regards the existence of solutions, regularity and bifurcation phenomena of von Kármán equations, see [2, 4-6, 14, 19] and the references therein. Due to the importance of the problem in application areas, several numerical approaches have also been attempted in the past. The major challenges are posed by the non-linearity and the higher order nature of the equations. The convergence analysis and error bounds for conforming finite element methods are analyzed in [12] . The papers [22, 25] and [24] investigate and analyze the Hellan-Hermann-Miyoshi mixed finite element method and a stress-hybrid method, respectively for the von Kármán equations. In these papers, the authors simultaneously approximate the unknown functions and their derivatives. The papers [12, 22, 24] deal with the approximation and error bounds for isolated solutions, thereby not discussing the difficulties arising from the non-uniqueness of the solution and the bifurcation phenomena.
Over the last few decades, the finite element methodology has developed in various directions. For higher-order problems, nonconforming methods and discontinuous Galerkin methods are gaining popularity as they have a clear advantage over conforming finite elements with respect to simplicity in implementation. In this paper, an attempt has been made to study the von Kármán equations using nonconforming Morley finite elements. The Morley finite element method has been proposed and analyzed for the biharmonic equation in [21] and for the Monge-Ampère equation in [23] . In [26] , a two level additive Schwarz method for a non-linear biharmonic equation using Morley elements is discussed under the assumption of smallness of data. The C 0 interior penalty method, a variant of the discontinuous Galerkin method has been used to analyze the Monge-Ampère equation in [9] .
The solutions u, v of clamped von Kármán equations defined on a polygonal domain belong to H 2 0 (Ω) ∩ H 2+α (Ω) [6] , where α ∈ ( 1 2 , 1] referred to as the index of elliptic regularity is determined by the interior angles of Ω. Note that when Ω is convex, α = 1. This paper discusses a nonconforming finite element discretization of (1.1)-(1.2) and develops a priori error estimates for the displacement and Airy stress functions in polygonal domains with possible corner singularities. To highlight the contributions of this work, we have
• obtained an approximation of an isolated solution pair (u, v) of (1.1)-(1.2) using nonconforming Morley elements;
• developed optimal order error estimates in broken energy and H 1 norms under realistic regularity assumptions;
• performed numerical experiments that justify the theoretical results.
The advantages of the method are that the nonconforming Morley elements which are based on piecewise quadratic polynomials are simpler to use and have lesser number of degrees of freedom in comparison with the conforming Argyris finite elements with 21 degrees of freedom in a triangle or the Bogner-Fox-Schmit finite elements with 16 degrees of freedom in a rectangle. Moreover, the method is easier to implement than mixed/hybrid finite element methods.
The difficulties due to non-conformity of the space increases the technicalities in the proofs of error estimates. Moreover, one loses the symmetry property with respect to all the variables in the discrete formulation for nonconforming case. An important aid in the proofs is a companion conforming operator, also known in the literature as the enriching operator which maps the elements in the nonconforming finite element space to that of the conforming space. Also, as proved in [17] for the biharmonic problem, it is true that when Morley finite elements are used for the von Kármán equations, the L 2 error estimates cannot be further improved. This is evident from the results of the numerical experiments presented in Section 5.
The paper is organized as follows. Section 1 is introductory and Section 2 introduces the weak formulation for the problem. This is followed by description of nonconforming finite element formulation in Section 3. Section 4 deals with the existence of the discrete solution and the error estimates in broken energy and H 1 norms. The results of the numerical experiments are presented in Section 5. Conclusions and perspectives are discussed in Section 6. The analysis of a more generalized form of (1.1)-(1.2) is dealt with in Appendix A.
Throughout the paper, standard notations on Lebesgue and Sobolev spaces and their norms are employed. We denote the standard L 2 scalar or vector inner product by (·, ·) and the standard norm on H s (Ω), for s > 0 by · s . The positive constants C appearing in the inequalities denote generic constants which may depend on the domain Ω but not on the mesh-size.
Weak formulation
The weak formulation corresponding to (
where
Note that b(·, ·, ·) is derived using the divergence-free rows property [15, 23] . Since the Hessian matrix
is symmetric with respect to the second and third variables, that is, b(η, ξ, ϕ) = b(η, ϕ, ξ). Moreover, since [·, ·] is symmetric, b(·, ·, ·) is symmetric with respect to all the variables in the weak formulation.
An equivalent vector form of the weak formulation which will be also used in the analysis is defined as: for
where ∀ Ξ = (ξ 1 , ξ 2 ), Θ = (θ 1 , θ 2 ) and Φ = (ϕ 1 , ϕ 2 ) ∈ V,
It is easy to verify that the bilinear forms A(·, ·) and B(·, ·, ·) satisfy the following continuity and coercivity properties. That is, there exist constants C such that 8) where the product norm |||Φ||| 2 := A(Φ, Φ) ∀ Φ ∈ V. In the sequel, the product norm defined on (H s (Ω)) 2 and (L 2 (Ω)) 2 are denoted by |||·||| s and |||·|||, respectively. For the results on existence of solution of the weak formulation, we refer to [2, 3, 14, 19] . More precisely, the weak solution Ψ = (u, v) of (1.1)-(1.2) can be characterized as the solution of the operator equation IΨ = T Ψ defined on V where T is a compact operator on V and I is an identity operator on V. In [19] , it has been proved that there exists at least one solution of the operator equation. Also, the uniqueness of solution under the assumption on smallness of the data function f has been derived. In this paper, we follow [12] and assume that the solution Ψ = (u, v) is isolated. That is, the linearized problem defined by:
is well posed and satisfies the a priori bounds
where α is the index of elliptic regularity.
Nonconforming Finite Element Method (NCFEM)
In the first subsection, the Morley element is defined and some preliminaries are introduced. In the second subsection, nonconforming finite element formulation for von Kármán equations and the corresponding linearized problem are presented. Some properties and auxiliary results necessary for the analysis are discussed in the third subsection.
The Morley Element
Let T h be a regular, quasi-uniform triangulation [10, 13] ofΩ into closed triangles. Set h T = diam(T ) ∀ T ∈ T h and h = max T ∈T h h T . For T ∈ T h with vertices a i = (x i , y i ), i = 1, 2, 3, let m 4 , m 5 and m 6 denote the midpoints of the edges opposite to the vertices a 1 , a 2 and a 3 respectively (see Figure 1) . We denote the set of vertices (resp. edges) of T h by V h (resp. E h ). For e ∈ E h , let h e = diam(e).
Definition 3.1.
[13] The Morley finite element is a triplet (T, P T , Φ T ) where
• T is a triangle
is the space of all quadratic polynomials on T and
are the degrees of freedom defined by:
The nonconforming Morley element space associated with the triangulation T h is defined by
of the triangle and the normal derivatives of ϕ at the midpoint of the edges {m i } For ϕ ∈ V h and Φ = (ϕ 1 , ϕ 2 ) ∈ V h := V h ×V h , the mesh dependent semi-norms which are equivalent to the norms denoted as |ϕ| 2,h and |||Φ||| 2,h , respectively, are defined by: 
Nonconforming Finite Element Formulation
The NCFEM formulation corresponding to (2.1a)-(2.1b) can be stated as:
As in the continuous formulation, the discrete form b h (·, ·, ·) is symmetric with respect to the second and third variables. However, unlike in the conforming case [12] , b h (·, ·, ·) is not symmetric with respect to the first and second variables or the first and third variables. The equivalent vector form corresponding to (3.1a)-(3.1b) is given by:
The nonconforming finite element formulation corresponding to (2.9) reads as:
3) and (3.4), respectively.
Auxiliary Results
In this subsection, some auxiliary results which are essential for the analysis are stated.
Lemma 3.1. (Integral average) [7] The projection P e : L 2 (T ) −→ P 0 (e) defined by P e ϕ = 1 h e e ϕ ds,
Lemma 3.2. (Interpolant) [11, 13, 20 ] Let Π h : V −→ V h be the Morley interpolation operator defined by:
For simplicity of notation, the interpolant of Φ ∈ V is denoted by Π h Φ and belongs to V h .
Lemma 3.3. (Enrichment function)[11]
Let V c be chosen as Hsieh-Clough-Tocher macro element space [11, 13] which is a conforming relative of the Morley finite element space
Again, for Φ ∈ V h , the enrichment function corresponding to Φ denoted by E h Φ, belongs to V.
In the next lemma, we establish an imbedding result. A similar result has been proved in [26, Lemma 3.1] for the case of convex polygonal domains. However, for the sake of completeness, we provide a detailed proof for the case of polygonal domains. Note that only the edge estimation in (3.12) is different from the proof in [26] . 
Proof. The tangential and normal derivative of ϕ ∈ V h are continuous at the midpoint of each edges of T ∈ T h . That is ϕ x , ϕ y ∈ S h where S h is the nonconforming Crouzeix-Raviart finite element space defined by It is enough to prove |w| 0,4,h ≤ |w| 1,h ∀ w ∈ S h . Consider the auxiliary problem: given θ ∈ H −1 (Ω), seek ξ such that
The solution satisfies the following a priori bounds
where γ ∈ ( 1 2 , 1] denotes the elliptic regularity of the problem (3.9). Let I h ξ ∈ S h be an interpolant which satisfies the estimate [8, 10] 
A multiplication of (3.9) with w and a use of Green's formula leads to
The boundary term can be estimated as follows:
Since e (w − P e w) ds = 0 ∀e ∈ E h and ∂ ∂ν I h ξ is a constant over each edge, we obtain
A use of trace theorem, Lemma 3.1 and (3.11) leads to the estimate
Therefore, the a priori bounds in (3.10) yields
A choice of θ = w 3 in (3.14) leads to
A use of inverse inequality yields
Also, Hölder's inequality and the imbedding result
Hence, a use of (3.16) and (3.17) in (3.15) leads to the required result
The next lemma follows from [11, Lemmas 4.2 & 4.3].
Lemma 3.5. (Bounds for
A use of the definition of B h (·, ·, ·), generalized Hölder's inequality and Lemma 3.4 leads to a bound given by
where C b is a positive constant independent of h.
For η ∈ H 2+α (Ω), a use of generalized Hölder's inequality and the imbedding result H 2+α (Ω) → W 2,4 (Ω) leads to an estimate of the first term on the right hand side of (3.19) as 1 2
Similar bounds hold true for the remaining three terms in (3.19) . Hence the required result follows using the definition of B h (·, ·, ·) and Lemma 3.4.
Remark 3.1. Using a proof similar to that of Lemma 3.6, it can be deduced that for Ξ ∈ (H 2+α (Ω)) 2 and Θ, Φ ∈ V + V h , there holds
Using the definition of b h (·, ·, ·), an integration by parts and a use of (3.7), the following lemma holds true.
where τ is the unit tangent to the boundary ∂T of the triangle T . Moreover, 
The next lemma which will be used to establish the well posedness of the linearized problem (3.6), follows easily under the assumption that Ψ is an isolated solution of (2.2). 
is well posed and satisfies the a priori bounds:
where α denotes the elliptic regularity index and |||Q||| −1 := sup
Since the Morley finite element space V h is not a subspace of V and the discrete form b h (·, ·, ·) is non-symmetric with respect to first and second or first and third variables, we encounter additional difficulties in establishing the well posedness of the discrete problem (3.6) in comparison to the conforming case. .2), then for sufficiently small h, the discrete linearized problem (3.6) is well-posed.
Proof. The space V h being finite dimensional, uniqueness of solution of (3.6) implies existence of solution. Uniqueness follows if an a priori bound for the solution of (3.6) can be established. That is, we aim to prove that
for sufficiently small h. For Φ ∈ V h , using Lemma 3.6 and Remark 3.2, the following Gårding's type inequality holds true:
Substitute Φ = Θ h in (3.6) and use (3.25) to obtain
Note that
Now we estimate |||E h Θ h ||| 1 . Choose Q = −∆E h Θ h and Φ = E h Θ h in (3.22) and use (3.6) to obtain 
Therefore,
Remark 3.3. If Ψ is an isolated solution of (2.2), then for sufficiently small h, the discrete linearized
is well posed. The proof is similar to that of Theorem 3.9 and hence is skipped.
Existence, Uniqueness and Error Estimates
In view of Theorem 3.9 and Remark 3.3, the bilinear form
The next lemma establishes that the perturbed bilinear formÃ h (·, ·), constructed using Π h Ψ is also nonsingular. Though a similar result is proved in [12] for the conforming case, we provide a proof here for the sake of completeness.
Lemma 4.1. (Nonsingularity of perturbed bilinear form) Let Π h Ψ be the interpolation of Ψ as defined in Lemma 3.2. Then, for sufficiently small h, the perturbed bilinear form defined bỹ
where β > 0 is a constant. ForΨ ∈ V + V h , a use of the above properties of A h (·, ·) and continuity of B h (·, ·, ·) (see (3.18)) yields
. Such a choice is justified for sufficiently small h ≤ h 2 (say), by setting Ψ = Ψ − Π h Ψ and using Lemma 3.2. Similarly, sup
Hence the required result.
Existence and Local Uniqueness Results
Consider the nonlinear operator µ :
A use of Lemma 4.1 leads to the fact that the mapping µ is well-defined and continuous. Also, any fixed point of µ is a solution of (3.2) and vice-versa. Hence, in order to show the existence of a solution to (3.2), we will prove that the mapping µ has a fixed point. As a first step to this, define 
That is, µ maps the ball B R(h) (Π h Ψ) to itself.
Proof. Since the bilinear formÃ h (·, ·) is nonsingular, from Lemma 4.1, there existsΦ ∈ V h such that Φ 2,h = 1 and
Let E hΦ be an enrichment ofΦ (see Lemma 3.3). A use of (4.2), (4.3) and (2.2) yields
Now we estimate
. T 1 can be estimated using Lemma 3.3 and the continuity of L h . Using Lemma 3.5, continuity of A h (·, ·) and Lemma 3.2, we obtain
A use of Lemmas 3.6, 3.3, 3.2 and (3.18) leads to
Finally, T 4 is estimated using (3.18) as
A substitution of the estimates derived for T 1 , T 2 , T 3 and T 4 in (4.4) and an appropriate grouping of the terms yields
for some positive constants C 1 independent of h but dependent on |||Ψ||| 2+α . A choice of h ≤ h 3 , where
This completes the proof. Proof. Lemma 4.2 leads to the fact that µ maps the ball B R(h) (Π h Ψ) to itself. Therefore, an application of Schauder fixed point theorem [18] yields that the mapping µ has a fixed point, say Ψ h . Hence, Ψ h is an approximate solution of (3.2) which satisfies
with R(h) as defined in Theorem 4.2, the following contraction result holds true:
for some positive constant C independent of h.
be the solutions of:
The nonsingularity ofÃ h (·, ·) yields aΦ with Φ 2,h = 1. With (4.7) and (3.18), we obtain
, for a choice of R(h) as in the proof of Theorem 4.2, for sufficiently small h, we obtain |||µ(
for some positive constant C independent of h. This completes the proof. 
Error Estimates
In this subsection, the error estimates in the broken energy and H 1 norms are established.
Theorem 4.5. (Energy norm estimate) Let Ψ and Ψ h be the solutions of (2.2) and (3.2) respectively. Under the assumption that Ψ is an isolated solution, for sufficiently small h, it holds
where α ∈ ( 
(4.10)
For sufficiently small h, Theorem 4.3 leads to
Now, Lemma 3.2 , (4.11) and (4.10) establish the required estimate. 
where ρ = Π h Ψ − Ψ h . A choice of Q = −∆E h ρ and Φ = E h ρ in the dual problem (3.22) and a use of (2.2), (3.2) leads to
(4.14)
T 1 is estimated using Lemma 3.5 and (4.11). T 4 and T 6 are estimated using Lemma 3.5. T 5 is estimated using continuity of A h (·, ·), Lemma 3.2 and Theorem 4.5. The term T 7 is estimated using continuity of L h and Lemma 3.2. T 2 is estimated using Remark 3.1, Lemma 3.3 and (4.11) as
T 3 is estimated using Remark 3.2, Lemma 3.3, (4.15) and (4.11) as
Finally, a use of Remarks 3.1 , 3.2, Lemmas 3.2, 3.6, Theorem 4.5 and (3.18) yields an estimate for T 8 as
A combination of the estimates T 1 to T 8 and a priori bounds (3.23) for the linearized dual problem yields
A use of Lemmas 3.2, 3.3, (4.11) and the last statement of (4.16) in (4.13) completes the proof.
Convergence of the Newton's Method
In this subsection, we define a working procedure to find an approximation for the discrete solution Ψ h . The discrete solution Ψ h of (3.2) is characterized by the fixed point of (4.3). This depends on the unknown Π h Ψ and hence the approximate solution for (3.2) is computed using Newton's method in implementation. The iterates of the Newton's method are defined by
Now we establish that these iterates in fact converge quadratically to the solution of (3.2). 
where β and C b are respectively the coercivity constant of A h (·, ·) and boundedness constant of B h (·, ·, ·) (see (3.6) ). Assume that the initial guess Ψ
Since (4.18) is nonsingular, the first iterate Ψ 1 h of the Newton's method in (4.17) is well defined for the initial guess Ψ 0 h . Using the nonsingularity of (4.18), there existsΦ ∈ V h such that Φ 2,h = 1 which satisfies
A use of (4.17), (3.2), (3.18) yields
, we obtain
Moreover, proceeding as in the proof of the estimate (4.20), it can be shown that
This establishes that the Newton's method converges quadratically to Ψ h . This completes the proof. We observe that the definition of ρ in (4.19) does not depend on h. From Theorem 4.7, it is clear that for any initial guess Ψ 0 h which lies in the ball of radius ρ with center at Ψ h , the sequence generated by (4.17) will converge uniquely to Ψ h . In particular, if we choose the initial guess Ψ 0 h = Π h Ψ, then the sequence generated by the iterates of the Newton's method will also converge to Ψ h which shows the local uniqueness of the solution Ψ h .
Numerical Experiments
In this section, two numerical experiments that justify the theoretical results are presented. The implementations have been carried out in MATLAB. The results illustrate the order of convergence obtained for the numerical solution of (1.1)-(1.2) computed using the Morley finite element scheme. For a detailed description of construction of basis functions for the Morley element, see Ming & Xu [21] . We implement the Newton's method defined in (4.17) to solve the discrete problem (3.2).
Example 1
In the first example, we choose the right hand side load functions such that the exact solution is given by
on the unit square. The initial triangulation is chosen as shown in Figure 2 (a). In the uniform red-refinement process, each triangle T is divided into four similar triangles [1] as in Figure 2(b) . Let the mesh parameter at the N -th level be denoted by h N and the computational error by e N . The experimental order of convergence at the N -th level is defined by α N := log(e N −1 /e N )/log(h N −1 /h N ) = log(e N −1 /e N )/log(2). Tables 1 and 2 show the errors and experimental convergence rates for the variables u h and v h . In Figures 3-4 , the convergence history of the errors in broken energy, H 1 and L 2 norms are illustrated. The computational order of convergences in broken H 2 , H 1 norms are quasi-optimal and verify the theoretical results obtained in Theorems 4.5 and 4.6 for α = 1. The order of convergence with respect to L 2 norm is sub-optimal justifying the results in [17] that using a lower order finite element method, the order of convergence in L 2 norm cannot be improved than that of the H 1 norm. 
Example 2
Consider the L-shaped domain Ω = (−1, 1) Figure 5 ). Choose the right hand functions such that the exact singular solution [16] in polar coordinates is given by
where ω := 3π 2 and α := 0.5444837367 is a non-characteristic root of sin 2 (αω) = α 2 sin 2 (ω) with Tables 3 and 4 show the errors and experimental convergence rates for the variables u h and v h . The domain being non-convex, we do not obtain linear and quadratic order of convergences in broken energy and H 1 norms for displacement and Airy stress functions. 
Appendix
We consider one of the variants of von Kármán equations which is important in practical applications and give a brief sketch of the extension of the analysis. Consider the following form of von Kármán equations:
in Ω (7.1)
with clamped boundary conditions
where p is a real parameter known as the bifurcation parameter and D denotes the flexural rigidity of the plate. The weak formulation of (7.1)-(7.2) reads as: given F = (f, 0), find Ψ ∈ V such that
3)-(2.5) respectively, and C(·, ·) is defined as
The corresponding nonconforming finite element formulation is given by: find Ψ h ∈ V h such that
3)-(3.5) respectively, and C h (·, ·) is defined as
For the newly introduced bilinear form C(·, ·), the following boundedness properties hold true:
For the modified problem (7.3), the linearized problem (see (3.6) ) is defined by:
The dual problem is stated as: given
It can be observed that if Ψ is an isolated solution of (7.3), then (7.9) and (7.11) are well posed and satisfy the a priori bounds 12) where α is the index of elliptic regularity. The discrete linearized problem is defined as:
With this background, Theorem 3.9, Lemma 4.1 and Theorems 4.2-4.7 can be modified for the new formulation, leading to the applicability of the analysis to a more general form of the von Kármán equations. We will sketch the proofs of the important results. Theorem 7.1. (Well posedness of discrete linearized problem) If Ψ is an isolated solution of (7.3), then for sufficiently small h, the discrete linearized problem (7.13) is well-posed.
Outline of the proof. Following the proof of Theorem 3.9, we easily arrive at (3.26) using (7.8). To estimate |||E h Θ h ||| 1 in this case, choose Q = −∆E h Θ h and Φ = E h Θ h in (7.11) and use (7.13) to obtain
The last term can be estimated using (7.8), Lemmas 3.2 and 3.3 as
The remaining terms are estimated as in Theorem 3.9 and result follows.
The next lemma follows as in Lemma 4.1 using (7.8) and hence the proof is skipped.
Lemma 7.2. (Nonsingularity of perturbed bilinear form) Let Π h Ψ be the interpolation of Ψ as defined in Lemma 3.2. Then, for sufficiently small h, the perturbed bilinear form defined bỹ 
Outline of the proof. Proceeding as in the proof of Theorem 4.2, using nonsingularity ofÃ h (·, ·) and Lemma 7.2, there existsΦ ∈ V h such that Φ 2,h = 1 and
The terms T 1 to T 4 can be estimated as in the proof of Theorem 4.2. The last term T 5 is estimated using (7.8), Lemmas 3.2 and 3.3 as:
17)
The remaining proof follows exactly same as the proof of Theorem 4.2.
The existence of solution Ψ h of (7.5) follows using Theorem 7.3 and satisfies the estimate
A contraction result similar to Theorem 4.4 also holds true in this case. The energy estimate follows exactly as in the proof of Theorem 4.5.
Theorem 7.4. (H 1 estimate) Let Ψ and Ψ h be the solutions of (7.3) and (7.5) respectively. Assume that Ψ is an isolated solution. Then, for sufficiently small h, it holds |||Ψ − Ψ h ||| 1,h ≤ Ch 2α , (7.19) where α ∈ ( where ρ = Π h Ψ − Ψ h . A choice of Q = −∆E h ρ and Φ = E h ρ in the dual problem (7.11) leads to (∇E h ρ, ∇E h ρ) = A h (E h ρ, ζ) = A h (E h ρ − ρ, ζ) + A h (ρ, ζ)
Combining all the terms related to C h and using (7.8), (7.18) and Lemmas 3.2, 3.3, we obtain the estimate 
Example 3
In this example, we perform numerical experiments for the problem (7.1)-(7.2) with p/D = 10, over a unit square domain. Choose the right hand side load functions such that the exact solution is given by u(x, y) = x 2 (1 − x) 2 y 2 (1 − y) 2 , v(x, y) = sin 2 (πx) sin 2 (πy).
We consider the same initial triangulation and its uniform refinement process as in Example 5.1. Tables 5 and 6 show the errors and experimental convergence rates for the variables u h and v h . The computational order of convergences in broken H 2 , H 1 norms are quasi-optimal and verify the theoretical results. Also, the order of convergence with respect to L 2 norm is sub-optimal justifying the results in [17] . 
